Twin Higgs models solve the little hierarchy problem without introducing new colored particles, however they are often in tension with measurements of the radiation density at late times. Here we explore viable cosmological histories for Twin Higgs models. In particular, we show that mixing between the SM and twin neutrinos can thermalize the two sectors below the twin QCD phase transition, significantly reducing the twin sector's contribution to the radiation density. The requisite twin neutrino masses of O(1 − 20) GeV and mixing angle with SM neutrinos of 10 −3 − 10 −5 can be probed in a variety of current and planned experiments. We further find that these parameters can be naturally accessed in a warped UV completion, where the neutrino sector can also generate the Z2-breaking Higgs mass term needed to produce the hierarchy between the symmetry breaking scales f and v.
INTRODUCTION
Twin Higgs (TH) models provide an elegant solution to the hierarchy problem without introducing new states that are charged under the SM gauge symmetries [1] . Instead, a mirror sector with its own SU(3)×SU(2)×U(1) gauge symmetry is assumed. The Z 2 symmetry relating the SM and mirror sectors protects the Higgs mass from large radiative corrections, with the twin partners cancelling the SM quadratic divergences at one loop. Other variations of neutral naturalness include [2] [3] [4] [5] [6] [7] [8] . While this idea is very efficient at hiding new physics from the LHC and future colliders, it often leads to tension with cosmological observations due to the appearance of new light relativistic degrees of freedom (DOF), namely the twin photon and twin neutrinos.
The standard assumption of TH models is that only the Higgs portal connects the SM and the mirror sectors. This maintains thermal equilibrium between the two sectors down to temperatures of a few GeV, below which the twin sector decouples [9] . At this point the twin and SM sectors have similar energy densities, and the twin photon and neutrinos contribute significantly to the radiation density at late times. In particular, the Mirror Twin Higgs (MTH) model-the scenario where the mirror sector is a full copy of the SM-predicts an exceedingly large contribution to the correction of the total radiation density (usually expressed in terms of ∆N eff , as measured from Big Bang Nucleosynthesis (BBN) and the Cosmic Microwave Background (CMB)).
Recently, several solutions have been proposed for the cosmological problems of the Twin Higgs, including the Fraternal Twin Higgs (FTH) [10] , hard Z 2 -breaking in the Yukawa couplings [11] , and SM reheating from a light right-handed neutrino [12] . Further cosmological aspects of Twin Higgs models, including dark matter, have been studied in [11] [12] [13] [14] [15] [16] [17] [18] [19] .
In this paper we propose that the neutrino portal can also naturally be used to connect the twin and the SM sectors. Mixing between the SM and twin neutrinos appears in many simple implementations of the twin neutrino sector. We show that such mixing can lower the decoupling temperature between the two sectors, potentially delaying decoupling past the scale of the twin QCD phase transition. When the decoupling of the two sectors happens between the twin and ordinary QCD phase transition scales, the contribution of the twin sector to ∆N eff is strongly reduced, since at the time of equilibrium there are fewer relativistic DOFs in the twin sector compared to the SM. We explore in detail the dependence of ∆N eff on the decoupling temperature, as well as the relation between the decoupling temperature and the twin neutrino masses and mixings with the SM neutrinos. We find that reasonably sized mixing between the two sectors of order sin θ ∼ 10 −3 − 10 −5 , and twin neutrino masses of O(10) GeV, can result in a viable cosmological scenario for TH models.
We also show that a composite Twin Higgs (CTH) UV completion [20] [21] [22] [23] [24] can naturally incorporate twin neutrino masses and mixings with the SM neutrinos of the desired magnitude. By using this CTH framework we demonstrate that the neutrino sector can also automatically generate the Z 2 -breaking Higgs mass term needed to produce the hierarchy between the symmetry breaking scales f and v for the same parameters that result in a viable cosmology. This paper is organized as follows: We first investigate the dependence N eff on the decoupling temperature of the twin sector. Then we calculate the decoupling temperature as a function of the twin neutrino masses and their mixings with the SM neutrinos, followed by an overview of the possible new experimental signals of the various TH scenarios. Next we present realistic mass and mixing patterns in the neutrino sector, followed by an implementation of this sector in the holographic CTH setup. We close the paper by a discussion of the Z 2 -breaking effects in the Higgs potential. Various appendices contain the details of the RS construction, the resulting warped mass spectrum, the effect of Majorana masses on the spectral functions, and finally the details of the full Coleman-Weinberg calculation for the neutrino sector.
DARK RADIATION IN TWIN HIGGS MODELS
We begin by describing the contributions to the radiation density of the universe at late times in various types of Twin Higgs models and compare those to the experimental bounds. Later we will show how to use mixing in the neutrino sector to obtain viable scenarios.
The total radiation density of the universe is typically parameterized in terms of the effective number of neutrino species, N eff , defined as
where ρ γ is the observed radiation density and N SM eff = 3.046 is the value predicted in the SM from standard neutrino decoupling.
For a twin sector identical to the SM, the total energy density of the universe doubles, leading to ∆N eff ≡ N eff − N SM eff 7.4, which is very strongly excluded by the Planck result of N eff = 3.15 ± 0.23 [25] . Of course, we already know that the twin sector cannot be identical to the SM sector, since at the very least the Higgs vev ratios obey f /v > 1. The simplest solution to avoid the N eff constraint would be to raise the mass of all the light twin particles, which would remove the twin contributions to N eff . This however is not possible: the twin electron (or the twin tau for the case of the FTH) would not be able to annihilate away and would overclose the universe. Therefore at least one of the twin states must remain light to allow the annihilation of the twin electrons.
Since there are necessarily contributions to ∆N eff , we need to refine the prediction by taking into account the temperature difference between the two sectors: the value of N eff will be determined by g ,
where
is the number of effective degrees of freedom in the twin sector weighted by the relative temperatures of each component T i compared to the SM, s i = 1(7/8) for a boson (fermion), and the sum runs over the relativistic twin DOFs at late times. The ratio of the temperature of the dark sector to the SM temperature can be calculated assuming separate entropy conservation in both sectors after decoupling [26] ,
where T d is the temperature at decoupling. Next we will consider various possible options for lowering ∆N eff in different realizations of Twin Higgs models. The simplest approach to lowering ∆N eff in Twin Higgs models is to raise the mass of the twin neutrinos above a few GeV. This will remove the twin neutrino's contributions to g (T d ) and to g (T ), resulting in a smaller ∆N eff , where the additional energy density at late times arises entirely from the twin photon. This can be naturally achieved by lowering the twin seesaw scale, but comes at a price of an additional source for Z 2 breaking. In a later section, we show that this could potentially also be the source of the Z 2 breaking in the Higgs potential generating f /v ∼ a few.
The resulting predictions for ∆N eff depend significantly on the value of the decoupling temperature, T d . This a consequence of the large change in the number of degrees of freedom during the twin (and ordinary) QCD phase transition (PT). If decoupling happens between the two PTs, then ∆N eff will be strongly reduced.The twin QCD PT strongly reduces the degrees of freedom within the twin sector, while dumping its entropy into both sectors as they are still in equilibrium. Then, if by the time the SM QCD PT occurs, the two sectors have thermally decoupled, the entropy of the SM QCD PT will be transferred only to the SM bath, raising the SM temperature relative to the twin temperature. This suppression will be reflected in the final value of ∆N eff measured at late times.
In Fig. 1 we show the predictions for ∆N eff for the MTH model with a massless twin photon, and with the masses of the three twin neutrinos raised to mν = 10 GeV, as a function of the decoupling temperature T d . Here f /v has been varied from 5 to 20, and the ratio of twin to SM QCD phase transition temperatures, Λ /Λ, between 2 and 10 (where Λ /Λ = 5 is obtained in MTH with an O(10%) splitting of the SU(3) gauge couplings [15] ). The minimum contribution to ∆N eff depends significantly on f /v for any decoupling temperature, as it determines whether or not the light twin states-namely the twin pions, muons and electrons-are relativistic at the time of decoupling. There is no strong dependence of the minimum contribution to ∆N eff on Λ /Λ; however, for Λ /Λ ∼ 1, the value of T d required to avoid the constraint has to lie in a narrow range between the two QCD PT scales.
We learn that without introducing an additional source of Z 2 breaking in the twin Yukawa couplings, MTH is in tension with the Planck constraint on ∆N eff . In order to satisfy the 2σ bounds of ∆N eff = 0.61, f /v 20 is required, which would imply reintroducing tuning into the Higgs potential. Additionally, we show N eff for Twin Higgs models with one or two generations. The one generation model can be thought of as a FTH model with gauged hypercharge. Stage 3/4 CMB experiments should be able to highly constrain Twin Higgs models with a single light state, either a twin photon or neutrino, independent of T d , f /v, and Λ /Λ, since such scenarios contribute a minimum ∆N eff 0.088 or 0.065, respectively.
THERMAL DECOUPLING FROM NEUTRINO MIXING
In this section, we explore the consequences of mixing between SM and twin neutrinos on the cosmology of Twin Higgs models. We show that for sufficiently large mixing angles, the neutrino-twin neutrino scattering processes in Fig. 2 may be the last to efficiently transfer energy between the sectors, thereby lowering the decoupling temperature and potentially reducing the contribution to N eff .
Twin neutrino mixing induces interactions, mediated by SM EW gauge bosons, between the twin neutrinos and the SM leptons:
where c θ = cos θ, s θ = sin θ, and θ is the neutrino mixing angle. Throughout this section we will assume that one only twin neutrino mixes with a SM neutrino, while the results are easily generalized to more complicated mixing. Energy transfer between the two sectors is most efficient when scattering between sectors involves relativistic, and therefore abundant, particles. Thus for this discussion we will only need to consider the pions, light charged leptons, and neutrinos in each sector. In order to estimate the decoupling temperature, we follow [27] and calculate the fractional energy transfer rate
n i m i Γ i→jk ρ decays and inverse decays (6) where n i (n i ) and ρ i (ρ i ) are the equilibrium number density and energy density distributions of the particles involved, and ρ is the average density of all the particles involved. The thermally averaged energy transfer rate is
is the Lorentz invariant phasespace volume. The matrix elements are to be averaged over initial and final degrees of freedom. To find the decoupling temperature, the thermally averaged rates need to be calculated. This involves numerically integrating the high dimensional phase-space integrals in Eq. (7). When performing the integrals numerically, we follow the techniques given in Appendix A of [27] .
Thermal decoupling occurs when the energy transfer rate is no longer fast compared to the expansion,
at which point the energy transfer process begins losing to the expansion of the universe and freezes out. We have explicitly solved the full Boltzmann equations and verified that Eq. (8) well-approximates the correct decoupling temperature.
The two most significant energy-transfer processes for mixing angles s θ 10 −3 are the semi-annihilationsνν ↔ νν and decays and inverse decaysν ↔ νff where f is a light SM fermion. One may expect that twin pion decays and scattering may also be significant, as they are also only suppressed by one mixing insertion. However, these occur via off-shell twin weak bosons and are suppressed by (v/f ) 4 relative to the twin neutrino processes mediated by SM EW bosons. 
GeV as a function of the twin neutrino mass and mixing, as well as current and projected bounds on sterile neutrinos. The shaded purple region shows the 95% C.L. limits from DELPHI on sterile neutrinos produced from Z-decays at LEP [28] . We also show projected reaches from displaced searches (see next section) as dashed curves. Projections for SHiP [29] (green), DUNE [30] (yellow), and FCC-ee [31, 32] (red) are taken from [33] . The LHC reach at √ s = 13 TeV with 300 fb −1 , with searches for lepton jets (blue) and trileptons (brown) are also shown [34] . The exclusion region and projection curves are only valid if the twin-neutrino cannot decay into light twin particles, for instance, in the FTH (1 generation) scenario.
The energy transfer rate from decays and inverse decays is
A fairly good analytic solution for T d in Eq. (8) can be obtained if decoupling happens when some of the particles involved are non-relativistic, and the phase-space integrals can be performed analytically. In the limit that T mν, we find for the semi-annihilation process,
Using Eqs. (9) and (10) in Eqs. (7) and (8) .
(12) Thus for most of the parameter space, decays and inverse decays decouple later than the semi-annihilation.
Ideally, thermal decoupling happens before the QCD phase transition, but below the scales of µ , π and Λ , around 0.3 T d 1 GeV. In Fig. 3 we show the contours of this region as a function of mν and sin θ, using the full numerical phase space integrals. As expected, decays and inverse decays provide the last scattering, except for small twin neutrino masses mν 5 GeV, where the width becomes suppressed. In this case semiannihilations are the last process to decouple, but the twins neutrinos will still be semi-relativistic at decoupling, which slightly reheats the twin sector relative to the SM and enhances ∆N eff . Optimal values of decoupling occur for mν ∼ 10 GeV and sin θ ∼ 10 −4 − 10 −3 .
SIGNATURES AND CONSTRAINTS
The first signal of the Twin Higgs sector may come from a measurement of N eff at late times. As evident from In addition to the CMB measurements of N eff , we should look for other opportunities to discover the Twin Higgs. The most well-explored direction is to exploit the Higgs portal connecting the SM and twin sectors, leading to displaced Higgs decays for the FTH [10, [35] [36] [37] [38] [39] [40] . We can also look for the exotic states present at the scale of the composite and supersymmetric UV completions [41] [42] [43] [44] .
As we have argued that a sizable mixing between the twin and standard neutrino sectors could be present, we should also be able to probe the twin sector via the neutrino portal. The twin neutrinos can be produced in decays of the Z-boson and heavy mesons at high and low energy machines. However, if there are twin particles lighter than the twin neutrinos, the neutrinos will preferentially decay into twin particles which will ultimately be invisible to detection, leading to missing energy signals. If no twin particles are kinematically accessible to the twin neutrino, e.g. as in a one generation twin model, the twin neutrino will decay back into the visible sector, providing another possible window for detection of TH.
The decay width corresponding to the range of masses and mixing angles which minimize N eff for a onegeneration twin model with massless twin photon cor-respond to macroscopic lifetimes for the twin neutrinos, 
This allows the twin neutrinos to be probed at the LHC via displaced vertex searches [34] and the proposed MATHUSLA detector [45] ; and at fixed target and beam dump experiments such as DUNE [30] and SHiP [29] . Future high energy e + e − machines may also probe this parameter space [31, 32] . The projected reach of these experiments are depicted in Fig. 3 alongside the cosmologically preferred region.
NEUTRINO MASSES AND MIXING
The low energy mass-matrix involving the SM neutrinos ν R , ν L and the twin neutrinosν R ,ν L , is in general an arbitrary 4x4 matrix (where for simplicity we suppress flavor in this and later sections). The form of this mass matrix can be quite complicated in general. In what follows, we draw motivation from the Randall-Sundrum (RS) setup that will be described below and consider two simple benchmark scenarios for neutrino masses and mixings. We find that only the second scenario can lead to large enough mixing for the neutrino-interactions to thermalize the two sectors (sin θ > 10 −5 ), as we will be shown below.
Two Seesaws: The simplest case to consider is the setup where the only source of Z 2 breaking and lepton number violation are the different seesaw scales. In the RS setup this corresponds to the case when the only source of Z 2 breaking and lepton number violation are the right-handed neutrino masses localized on the UV brane. The effective neutrino mass and mixing terms are then
Assuming M D M,M , the light SM neutrinos and twin neutrinos have a typical see-saw mass set by the scales
respectively. Mixing between the twin and SM neutrinos is induced via the UV brane Dirac mass M D leading to a mixing angle
where m ν and mν are the light SM and twin neutrino masses. This mixing will be bounded by sin θ 10
due to the small neutrino mass ratio, and will generally not be large enough to thermalize the two sectors when the twin neutrino becomes non-relativistic. SM seesaw, Dirac twin neutrinos: Another interesting limit is the case when only the SM neutrinos are see-sawed, while the twin neutrinos are pseudo-Dirac. In the 5D setup this corresponds to the situation when the singlet twin neutrino is strongly IR-localized and thus cannot feel the UV-localized Majorana masses, while L −L is broken only on the UV brane. The effective neutrino masses and mixings are
Integrating out ν R in this limit, 
Compared the previous two see-saw scenario, this mixing is not limited by the neutrino mass ratio and can be quite large.
TWIN NEUTRINOS IN A WARPED UV COMPLETION
We have shown in the previous sections that the neutrino sector of Twin Higgs models can have a significant effect on its cosmology. Here we explore the most wellknown UV completion of Twin Higgs models based on a warped extra dimension known as the "holographic composite Twin Higgs" (CTH) [20] . This setup can address both the structure of the twin neutrino masses and mixings, as well as the effect of the Z 2 breaking necessarily present in the neutrino sector on the Higgs potential.
The setup of the holographic CTH
The holographic composite Twin Higgs model is based on a 5D RS [46, 47] setup with an AdS 5 background metric
, where R is the AdS curvature, the UV brane is at z = R and the IR brane at z = R . The SO (8) no role in the lepton sector). On the UV brane, boundary conditions for the gauge fields break the bulk gauge symmetry down to the gauge symmetries of the Twin Higgs:
This breaking pattern ensures the correct light gauge boson spectrum 2 . On the IR brane, SO (8) is broken down to SO(7). The gauge generators broken on both branes correspond to broken global symmetries and result in seven Goldstone bosons arising from the A 5 component of the corresponding gauge fields. Six of the seven Goldstones are eaten by SM and twin gauge W and Z bosons, and one remains as the physical pseudo-Nambu-Goldstone boson Higgs.
We additionally gauge (B − L) − (B −L) in the bulk. This extra gauge symmetry ensures that L −L lepton number is a good symmetry in the bulk and on the IR brane (the CFT interpretation of this statement is that the CFT itself preserves this combination of lepton and twin lepton number). To make sure this does not result in new light degrees of freedom, the symmetry is broken on the UV brane. The UV brane is the only source of L−L violation; thus all Majorana masses arise from UVlocalized operators. An illustration of the structure of the warped UV completion can be seen in Fig. 4 .
The two relevant mass scales of the 5D model are R and f . The UV-brane location, R , sets the KK scale (M KK ≈ 2/R ), while f is the global symmetry breaking scale for SO(8)→SO (7):
2 Although we do not do so, one could eliminate the twin photon from the spectrum by breaking the mirror hypercharge U(1) m Y on the UV brane.
Here g * is the the dimensionless 5D SO(8) gauge coupling (g * = g 5 R −1/2 ) which parametrizes the interaction strength of the KK modes and sets the ratio M KK /f .
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The neutrino sector of the holographic CTH The SM and twin SU(2) L doublet leptons are embedded in two separate vectors 8 of SO (8)
and the right handed neutrinos are introduced as SO (8) singlet fermions
Here and throughout we neglect flavor indices. One can understand the discussion below as pertaining to one twin neutrino generation, while generalizing to multiple generations is straightforward. The symmetry breaking patterns on the branes, along with the L −L symmetry, will determine which lowenergy mass terms exist for the would-be zero modes. Since UV-localized mass terms are the only source of L −L breaking, the effective zero-mode low-energy Lagrangian, after integrating out the KK modes, is
Depending on the size of the mass-terms in Eq. (23), this matches onto either Eq. (14) or Eq. (17). In the limit where mixing terms between the SM and twin sectors are negligible (M D , m → 0), and assuming all neutrino fields are UV-localized, the Majorana mass terms arising from the UV brane (M ,M ) will be large, and we arrive at the two seesaws of Eq. (15). We note, however, that this situation is tuned: M D is naturally the same size as M andM . 4 If instead, the right-handed twin neutrino is very IR-localized, with all other neutrino fields kept UVlocalized,M and M D are exponentially suppressed by R/R (see Eq. (30)), and we match onto Eq. (17).
Z2-breaking effects on the Higgs potential
Finally, we explore the consequences of breaking the Twin Higgs Z 2 symmetry in the neutrino sector by a large difference between the SM and twin seesaw mass scales. The Z 2 breaking in the neutrino sector reintroduces quadratic sensitivity to the cutoff scale into the Higgs mass term from one-loop diagrams involving the would-be zero mode neutrinos and KK modes. Without the warped UV completion, one might naively expect the contributions from the Z 2 breaking in the neutrino sector to be large-the right-handed neutrino mass provides a large scale which could potentially feed into the Higgs potential. However, in the RS UV completion, the Z 2 breaking reintroduces quadratic sensitivity to M KK but not to the seesaw scales themselves.
If the Z 2 symmetry is badly broken in the low-lying KK modes, one naively expects the contribution to the Higgs potential to be
where y is an order one factor arising from the overlap of the KK modes and Higgs. However, this overestimates the corrections to the Higgs mass since it does not take into account the collective effect of all the KK modes-at large momenta, where the KK modes become important, the exponential suppression becomes important. Therefore, we must calculate the Higgs potential in the 5D theory, taking into account all of the KK modes.
We present the detailed calculation the of 1-loop contributions to the Higgs potential in the Appendix. Since the full formulae for the corrections to the potential in terms of the RS parameters are lengthy and not very illuminating, we present here the approximate expression instead: We will be interested in the case where the twin right-handed neutrino is strongly IR localized and lefthanded neutrino is UV localized, as this is the case that can generate large mixing between the SM and twin neutrinos. In the limit that c given approximately by (30) when the twin neutrino is strongly IR localized. The numerical value of the contribution to the Higgs mass for a twin neutrino with mass mν = 10 GeV and mixing sin θ = 10 −4 is small for most parameters. However Eq. (25) is an approximate expression and breaks down for c m 8 very close to 1/2, i.e., where the twin neutrino becomes heavy. There are points in parameter space where a single twin neutrino can have sizable mixing, and the KK modes contribute significantly to the Z 2 -breaking Higgs mass term.
In addition, the different generations of twin neutrinos are not necessarily expected to be degenerate, and a heavy twin neutrino can give a large contribution to δm 
APPENDIX

RS setup
Here we present more details of the embeddings of the leptons into the warped model. All fermions are introduced as 5D bulk fields, corresponding to 4-component Dirac spinors, i.e. Ψ = (χ,ψ), where both χ and ψ are left-handed 2-component Weyl spinors. The fields explicitly depicted in Eq. (21) will contain zero modes in the χ components of the bulk fields (SM and twin left-handed leptons). Their χ components are assumed to have (+, +) boundary conditions at the UV and IR branes to ensure the existence of a zero mode in χ, while the fields suppressed in Eq. (21) are assumed to have (−, +) boundary conditions to avoid extra light fermions in the spectrum. Fields containing right-handed zero modes (ν R ,ν R , e R , e R ) are assumed to have (−, −) boundary conditions for the χ-component, in order to allow for a zero mode in the ψ component of the corresponding bulk field.
The vector of SO (8) 
We identify hypercharge as Y = T The symmetry breaking patterns allow mass terms on the UV and IR branes, which will determine the masses and mixings among the light neutrinos. On the UV brane, the most general renormalizable Lagrangian allowed by the gauge symmetries and the boundary conditions includes the mass terms
(27) where the brane mass parameters M ν R , Mν R and M are dimensionless and are generically 3 × 3 matrices if we consider the full 3-generation twin sector. We note that both lepton number and twin lepton number, as well as the Z 2 symmetry relating the two sectors is broken on the UV brane. In particular, Z 2 is broken on the UV brane if M ν R = Mν R . The Majorana mass terms M ν R and Mν R for the singlet neutrinos lead to the warped seesaw mechanism [48] [49] [50] . The CFT interpretation of the warped seesaw mechanism (see [50] ) is that while the CFT itself is lepton-number preserving, the elementary sector breaks lepton number at a high scale.
Using the interpretation that the CFT is Z 2 preserving, we require that the IR brane localized mass terms are Z 2 invariant. On the IR brane SO (8) is broken to SO (7), under which Ψ 8 decomposes as Ψ . We can then write the following SO(7) invariant IR brane localized mass terms
+ m e (χ 
which will be responsible for the Dirac masses of the leptons. The effect of the χ 1 8 ψ ν R operator is to modify the boundary conditions on the IR brane such that the righthanded singlet neutrino zero mode in ψ ν R is partially rotated into χ 
Mass spectrum
In this Appendix we describe the mass terms for the would-be zero mode leptons to lowest order in R/R and v/f . We first observe that all KK states can be integrated out, leaving only the effective Lagrangian for the wouldbe zero modes
which matches onto Eq. (23) . Majorana mass terms χ
do not appear even after EWSB since the Higgs sector preserves L −L (a result of the fact that B − L −B +L is a gauge symmetry in the bulk and IR brane).
Expressing the (dimensional) mass terms for the would-be zero mode neutrinos in terms of the RS pa-rameters, we find 
and similarly for mẽ.
Coleman-Weinberg potential for Majorana KK spectrum
The calculation presented in the main text of the Z 2 -breaking effects in the Higgs potential from the neutrino sector is utilizing the full expression of the ColemanWeinberg potential. However due to the appearance of the Majorana masses for the right handed neutrinos the standard techniques (which assume Dirac fermions) for evaluating the CW potential for KK theories have to be augmented. Here we explain how to deal with a Majorana KK spectrum in general, and present the actual calculation in the next Appendix.
The general expression of the Coleman-Weinberg potential for KK theories takes the form [51] 
where N is the number of DOFs at each level of the KK tower (3 for a gauge boson, 4 for a Dirac fermion) and m n (v) are the KK masses which depend on the Higgs vev. The sum is usually turned into a contour integral in the the complex m-plane, resulting in an integral over the spectral function ρ(m), whose zeros encode the KK spectrum. The spectral function is determined by solving the equations of motion (EOM) and applying the boundary conditions to obtain a quantization condition. The function 1 ρ(m) has simple poles along the real axis corresponding to the KK spectrum, so the the sum over the KK masses can be performed via a contour integral in the complex m-plane using zeta function regularization techniques [52, 53] . For Dirac KK modes, ρ(m) ≡ ρ(m 2 ) (as consequence of the exact degeneracy of the left and right 2-component spinors which make up each Dirac KK state). Thus for the Dirac case one can perform the KK sum by summing over the positive masses in Eq. (33) and setting N = 4 to account for the DOFs associated with both chiralities. This is equivalent to a contour integral which only encloses the the positive zeros of the spectral function in the complex m plane. However, in the presence of Majorana mass terms on the UV brane, the KK spectrum becomes pseudo Dirac, and the zeros of ρ(m) at m ±m 0 do not pair up exactly (and as a consequence ρ(m) is a function of m, not m 2 as in the Dirac case). Therefore, one must also include the negative mass solutions in the sum in Eq. (33), or equivalently the zeros of ρ(m) along the Re(m) < 0 axis must also be enclosed by a contour.
After throwing away an h-independent contribution to the cosmological constant and performing two contour integrals, one to enclose the poles on the Re(m) > 0 axis and one to enclose the poles on the Re(m) < 0 axis, we arrive at an integral along the imaginary m axis (m = ip)
where ρ(ip) is generally complex since ρ is a function of m rather than m 2 and N = 2 for Majorana KK modes.
Coleman-Weinberg potential for the warped twin seesaw
We first present the spectral functions ρ ν (m) (ρ m ν (m)), which encode the exact masses of the SM (twin) neutrino KK spectrum. In the presence of ν-ν mixing, there is only one spectral function incorporating both the SM and twin neutrino KK towers. However for the purpose of calculating the CW potential we can set the mixing to zero (M → 0, m → 0) since the effects from the mixing are expected to be small. The two spectral functions are parameterized by two form factors:
The sin (h/f ) terms are generated by the SM neutrino sector, while the pieces with cos (h/f ) are generated by twin neutrinos. First, we look for separable solutions to the bulk EOM, assuming the ansatz
In the presence of A 5 , the bulk EOMs are coupled. We can, however, perform a field redefinition (which resembles a gauge transformation within the bulk) to remove A 5 from the EOMs [54, 55] . The transformation that does this is the Wilson line Ω(z) = e −ig5 dz A5 . We define hatted fields which do not depend on 
The differential equations forf ,ĝ are now the standard bulk EOMs without the A 5 vev, which have solutions in terms of Bessel functions J ν and J −ν . It is more convenient to work in the basis of the warped analog of flat space sines and cosines [54] 
One needs to multiply by z 2−c in order for these functions to satisfy the bulk EOMs.
The boundary conditions are modified by the field redefinition in Eq. (38) . The UV boundary conditions are unchanged since Ω(z = R) = 0. On the IR brane however, we must apply Wilson line transformation Ω(R ) relating f tof at z = R , which was worked out in [21] . Applying the IR boundary conditions to ΩΨ 8 and ΩΨ , M ν R → Mν R . Expanding in small parameters R/R and v/f to leading order reproduces the masses of the lightest modes obtained from taking into account only the would-be zero modes and neglecting the KK modes. In the limit that the Majorana masses M ν R , Mν R → 0, the form factors reproduces the the top sector form factors in the CTH [21] .
The neutrino sector contribution to the ColemanWeinberg potential for the Higgs can be written in terms of the spectral functions as
. (42) In principle, the potential can be calculated numerically by inserting the form of the spectral functions. However, we obtain an analytical approximation for the potential by expanding in powers of sin 2 ( h f ). If there were no Z 2 breaking, the Twin Higgs Z 2 would guarantee that the quadratically divergent pieces cancel, see [21] . However, we are interested in breaking the Z 2 in the neutrino sector. The Higgs mass correction can be found by differentiating with respect to x = sin 2 ( h f ) and is given by 
